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Abstract
We point out that naive pentaquark correlations function include two-hadron-reducible contribu-
tions, which are given by convolution of baryon and meson correlation functions and have nothing
to do with pentaquark. We show that the two-hadron-reducible contributions are large in the
operator product expansion of the correlation functions of three existing works on the pentaquark.
Therefore, it is dangerous to draw a conclusion from the sum rules using naive pentaquark correla-
tion functions with naive ansatz for the spectral function under the dispersion integral. Instead, we
propose to use the two-hadron-irreducible correlation function, which is obtained by subtracting
the two-hadron-reducible contribution from the naive correlation function. Taking one of the works
as an example we demonstrate how drastically the results can change if we remove the two-hadron-
reducible part from the naive correlation function. We obtain the result opposite to the original
work for the parity of the pentaquark.
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Possible existence of an S = +1 exotic baryon state has recently been reported by LEPS
collaboration in Spring-8 [1]. In this experiment, a peak with the mass ∼ 1540MeV and
the width bounded by 25MeV was observed in K+n channel from γn → K+K−n. It was
confirmed by subsequent experiments [2, 3, 4, 5, 6, 7, 8, 9, 10]. In all cases the mass is near
1540MeV and the width is small.
This state cannot be a three-quark state since it has S = +1, and the minimal quark
content is (uudds¯). It has come to be called “pentaquark Θ+”. Other quantum numbers,
spin, isospin and parity, have not yet been experimentally determined. Besides the calcu-
lation in the chiral quark soliton model [11], which motivated the pentaquark search by
LEPS collaboration, various theoretical approaches [12, 13, 14, 15, 16, 17, 18] have been
performed, but no consensus has yet been seen on these quantum numbers.
Clearly, the discoveries of exotic hadrons have opened a new field of strong interaction
physics and will lead us to a deeper understanding of QCD. In particular, what role con-
finement plays in exotic hadrons is an extremely interesting and important issue.
In this paper, we focus on the application of the QCD sum rule approach [19] to the
pentaquark and discuss an issue which is characteristic for exotic hadrons. In QCD sum
rule approach, the correlation function of interpolating fields is calculated by the use of
the operator product expansion (OPE), and is compared with the spectral representation
via dispersion relation. The sum rules relate hadron properties to the vacuum expectation
values of QCD operators, such as 〈0|q¯q|0〉 and 〈0|(αs/π)G2|0〉.
Up to now, three groups have reported results of QCD sum rules for the pentaquark
[16, 17, 18]. Zhu [16] estimated the mass of the pentaquark states with QCD sum rules
and found that pentaquark states with isospin I = 0, 1, 2 lie close to each other around
1.55± 0.15GeV. He used the interpolating fields for the I = 0, 1, 2 pentaquark states where
three quarks and the remaining s¯q are both in a color adjoint representation. Matheus et al.
[17] used a linear combination of two independent interpolating fields: one is made of two
scalar ud diquarks and the other of two pseudo-scalar ud diquarks, together with s¯. Their
result for the pentaquark mass is mΘ+ = 1.55±0.10GeV. It should be noted, however, that
their interpolating field has isospin I = 1 although it was stated to have isospin I = 0 in
Ref.[17]. Sugiyama, Doi and Oka [18] employed an interpolating field with J = 1/2, I = 0
and S = +1 constructed from color anti-triplet scalar and pseudoscalar ud diquarks and an
s¯ quark. They derived sum rules for the positive and negative parity states. They found
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that the pole residue obtained from the sum rule is positive for the negative parity state but
negative for the positive parity state, which implies that the obtained negative parity state
is a real one but the pole in the positive parity spectral function is spurious. Thus, they
concluded that the parity of the pentaquark is negative. The mass mΘ+ was estimated to
be near mΘ+ ∼ 1.5GeV.
Although these three groups obtained the pentaquark mass close to the observed value,
we point out that their naive pentaquark correlation functions include two-hadron-reducible
contributions, which are due to noninteracting propagation of the three-quark baryon and
the meson and therefore have nothing to do with the pentaquark. These contributions exist
in the correlation function only for exotic hadrons and are potentially large. Therefore, it
is dangerous to draw a conclusion from the sum rules using naive pentaquark correlation
functions with naive ansatz for the spectral function under the dispersion integral. Instead,
we propose to use the two-hadron-irreducible correlation function, which is obtained by
subtracting the two-hadron-reducible contribution from the naive correlation function. We
show how large the two-hadron-reducible contributions are in the OPE of the correlation
functions considered in the above three works. Taking Ref.[18] as an example, we then
demonstrate how drastically the results change if we remove the two-hadron-reducible part
from the naive correlation function.
In order to derive QCD sum rules for the pentaquark, one considers the correlation
function
ΠP (p) = −i
∫
d4xeipx〈T (ηP (x)η¯P (0))〉, (1)
where ηP (x) is the interpolating field for the pentaquark, a composite operator made of five
quark fields. The spectral function is given by the imaginary part of the correlation function
and represents the physical spectrum generated by the interpolating field as
ρP (p) =
∑
n
δ(p− pn)〈0|ηP (0)|n〉〈n|η¯P (0)|0〉 (p0 > 0). (2)
In the QCD sum rule approach the spectral function is usually parametrized by a pole plus
continuum contribution, which is adopted also for the pentaquark in Refs. [16, 17, 18]:
ρP (p) = Zδ(p
2 −M2P ) + θ(p2 − sth)ρOPEP (p2), (3)
where MP is the mass of the pentaquark, sth the effective continuum threshold energy
squared and ρOPEP (p
2) the imaginary part of the correlation function in the OPE. For or-
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dinary hadrons this procedure is probably all right but for exotic hadrons it might be too
naive as we discuss.
A remarkable feature of the pentaquark is that it can be decomposed into a color-singlet
three-quark state, baryon, and a color-singlet quark-antiquark state, meson. (Hereafter, we
use the term baryon when its minimal quark-content is qqq.) Therefore, the interpolating
field for the pentaquark can be expressed as a sum of the product of baryon and meson
interpolating fields:
ηP (x) =
∑
i
ηiB(x)η
i
M (x) (4)
where ηiB(x) and η
i
M (x) are color-singlet baryon and meson interpolating fields, respectively:
ηB ∼ ǫabcqaqbqc, ηM ∼ q¯eqe.
Due to this separability, the pentaquark correlation function, Eq.(1), has a part in which
the baryon and the meson propagate independently without interacting each other. We
define this part as the two-hadron-reducible (2HR) part and the rest of the correlation
function as the two-hadron-irreducible (2HI) part. They are respectively given by
〈T (ηP (x)η¯P (0))〉2HR =
∑
ij
〈T (ηiB(x)η¯jB(0))〉〈T (ηiM(x)ηj∗M(0))〉,
〈T (ηP (x)η¯P (0))〉2HI = 〈T (ηP (x)η¯P (0))〉 −
∑
ij
〈T (ηiB(x)η¯jB(0))〉〈T (ηiM(x)η¯j∗M (0))〉 (5)
and
Π2HRP (p) = i
∑
ij
∫
d4q
(2π)4
ΠijB(q)Π
ij
M(p− q),
Π2HIP (p) = ΠP (p)− i
∑
ij
∫
d4q
(2π)4
ΠijB(q)Π
ij
M(p− q), (6)
where ΠijB(p) and Π
ij
M(p) are baryon and meson correlation functions:
ΠijB(p) = −i
∫
d4xeipx〈T (ηiB(x)η¯jB(0))〉, (7)
ΠijM(p) = −i
∫
d4xeipx〈T (ηiM(x)ηj∗M (0))〉. (8)
Diagrammatically, the 2HR and 2HI parts of the correlation function are represented as
Figures 1 and 2, respectively. Clearly, the 2HR part of the pentaquark correlation function
is completely determined by the baryon and meson correlation functions and has nothing to
with the pentaquark.
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FIG. 1: Two-Hadron-Reducible (2HR) diagram.
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FIG. 2: Two-Hadron-Irreducible (2HI) diagram.
Some comments are in order here. The 2HR and 2HI parts have the same analytic
property as the total correlation function. The concept of the two-hadron-reducible (2HR)
and two-hadron-irreducible (2HI) contributions in the correlation function of the composite
particle is a generalization of the two-particle-reducible (2PR) and two-particle-irreducible
(2PI) contributions in the correlation function of the elementary particle.
Let us next look at the separation of the 2HR and 2HI parts in the spectral function. We
suppose that the lowest states generated by ηB and ηM are spin-1/2 baryon B and spin-0
meson M , respectively. Consider only the contribution of the BM scattering states in the
spectral function just for simplicity, which is given by
ρBMP (p) =
∑
s
∫
d3kd3q(2π)3δ4(p− k − q)〈0|ηP (0)|kqsout〉〈kqsout|η¯P(0)|0〉 (p0 > 0),(9)
where q and k are the momentum of the baryon and the meson, respectively, and s the
spin projection of the baryon. |kqsout〉 denote the baryon-meson scattering states with out
boundary condition. One can relate the matrix elements in Eq.(9) with the T -matrix for
the BM scattering by means of the reduction formula as
〈kqsout|η¯(0)|0〉 = λBλM 1
(2π)32
√
ωkEq
×u¯(qs)
{
1− i
∫ d4q′
(2π)4
T (k, q, k + q − q′, q′) 1
(k + q − q′)2 −m2 + iη
1
/q′ −M + iη
}
, (10)
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〈0|η(0)|kqsout〉 = λ∗Bλ∗M
1
(2π)32
√
ωkEq
×
{
1 + i
∫ d4q′
(2π)4
1
(k + q − q′)2 −m2 − iη
1
/q′ −M − iηT
†(k, q, k + q − q′, q′)
}
u(qs),(11)
where ωk =
√
k2 +m2, Eq =
√
q2 +M2, λB(M) is the coupling strength of the interpolating
field to the baryon (meson) state and M(m) is the baryon (meson) mass. T (k, q, k′, q′) is
the T -matrix for the process kq → k′q′. By substituting Eqs.(10) and (11) into Eq.(9), we
obtain
ρBMP (p) = −
1
π
|λB|2|λM |2Im
{
i
∫
d4q
(2π)4
1
(p− q)2 −m2 + iη
1
/q −M + iη
−
∫
d4q
(2π)4
d4q′
(2π)4
1
(p− q)2 −m2 + iη
1
/q −M + iη
×T (p− q, q, p− q′, q′) 1
/q′ −M + iη
1
(p− q′)2 −m2 + iη
}
. (12)
The first term of Eq.(12) is the 2HR contribution due to the trivial noninteracting contri-
bution of the BM intermediate states and the second term is the 2HI contribution. If the
pentaquark is a bound state in the BM channel the spectral function has an additional con-
tribution from the bound state, while if the pentaquark is a resonance in the BM channel
the effect of the pentaquark lies in the BM T -matrix as a pole at a complex pentaquark
energy. In any case, the 2HR contribution is not related to the pentaquark.
Some further comments are in order here. 2HR contributions discussed here exist com-
monly in the correlation functions for exotic hadrons but not for ordinary hadrons. Crucial
assumption here is confinement. Namely, we assume that only color-singlet states contribute
to the spectral function. Therefore, the separability of the pentaquark into color-singlet
baryon and meson is the origin of the existence of the 2HR contribution. Another point to
be mentioned is that by removing the 2HR part we do not take out all the baryon-meson
continuum contributions. We just take out noninteracting contributions. The continuum
contributions included in the 2HI part cannot be separated from the pentaquark contribu-
tion. The 2HI part of the spectral function does not have positivity because of subtraction,
but the positivity is not necessary to construct sum rules.
Let us turn to the separation of the 2HR and 2HI parts in the OPE. There are various
ways of constructing the interpolating field for the pentaquark. So far, three ways of the
construction have been proposed. Zhu [16] used the following interpolating field for the
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I = 0 pentaquark:
ηZhu =
1√
2
ǫabc(u
TaCγ5d
b)[ug(s¯giγ5d
c)− (u↔ d)], (13)
where a, b, c, . . . are color indices and C = iγ2γ0. Mathues et al. [17] and Sugiyama et al. [18]
considered the interpolating fields based on the conjecture by Jaffe and Wilczek [12]:
ηMatheus et al. = tη1 + η2,
η1 =
1√
2
ǫabc(u
TaCγ5d
b)(uTcCγ5d
e)C(s¯e)T − (u↔ d),
η2 =
1√
2
ǫabc(u
TaCdb)(uTcCγ5d
c)C(s¯g)T − (u↔ d), (14)
ηSugiyama et al. = ǫabcǫdef ǫcfg(u
TaCdb)(uTdCγ5d
e)C(s¯g)T . (15)
We first note that after Fierz transformation the interpolating field can be expressed as a
sum of the product of baryon and meson interpolating fields. The interpolating field used
by Zhu can be written as
ηZhu =
1
4
√
2
ǫabc(u
TaCγ5d
b) {−dc(s¯iγ5u)− γµdc(s¯iγ5γµu)
−1
2
σµνdc(s¯iσµνγ5u)− γµγ5dc(s¯iγµu)− γ5dc(s¯iu)− (u↔ d)
}
. (16)
The interpolating fields considered by Matheus et al. and Sugiyama et al. are also written
as follows, respectively:
ηMatheus et al. = tη1 + η2
η1 =
1√
2
ǫabc(u
TaCγ5d
b)(uTcCγ5d
e)C(s¯e)T − (u↔ d)
=
1√
2
1
4
{
−[ǫabc(uTaCγ5db)uc](s¯γ5d)− [ǫabc(uTaCγ5db)γµuc](s¯γ5γµd)
+
1
2
[ǫabc(u
TaCγ5d
b)σµνuc](s¯σµνγ5d) + [ǫabc(u
TaCγ5d
b)γµγ5u
c](s¯γµd)
−[ǫabc(uTaCγ5db)γ5uc](s¯d)
}
− (u↔ d)
η2 =
1√
2
ǫabc(u
TaCdb)(uTcCdc)C(s¯g)T − (u↔ d)
=
1√
2
1
4
{
−[ǫabc(uTaCdb)uc](s¯d) + [ǫabc(uTaCdb)γµuc](s¯γµd)
+
1
2
[ǫabc(u
TaCdb)σµνuc](s¯σµνd) + [ǫabc(u
TaCdb)γµγ5u
c](s¯γ5γµd)
−[ǫabc(uTaCdb)γ5uc](s¯γ5d)
}
− (u↔ d), (17)
ηSugiyama et al. =
1
4
ǫabc(u
TaCdb) {−dc(s¯γ5u)− γµdc(s¯γ5γµu)
+
1
2
σµνdc(s¯σµνγ5u) + γ
µγ5d
c(s¯γµu)− γ5dc(s¯u)− (u↔ d)
}
. (18)
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The 2HR parts in the correlation functions are obtained by contracting a quark field in
ηiB(x) with that in η¯
j
B(0) and contracting a quark field in η
i
M(x) with that in η
j∗
M(0), while
the terms including contraction of a quark field in the baryon with that in the meson belong
to the 2HI part. We show the total and the 2HI part of the spectral function in the OPE.
For the correlation functions considered by Zhu, the results are
ρZhu(p) =
{
(p2)5
2203 · 5 · 7π8 −
11(p2)3
214325π6
ms〈q¯q〉+ (p
2)3
2163π6
ms〈s¯s〉
+
23(p2)3
219325π6
〈αs
π
G2〉+ 5(p
2)3
21132π4
〈q¯qq¯q〉+ 11(p
2)3
21232π4
〈q¯qs¯s〉
}
/p
+
(p2)5
2203252π8
ms − 7(p
2)4
216325π6
〈q¯q〉 − (p
2)4
217325π6
〈s¯s〉
+
25(p2)3
21832π6
〈q¯gsσ ·Gq〉 − 7(p
2)3
21832π6
〈s¯gsσ ·Gs〉,
ρ2HIZhu (p) =
{
− (p
2)3
215325π6
ms〈q¯q〉+ (p
2)3
216325π6
〈αs
π
G2〉 − (p
2)3
21332π4
〈q¯qq¯q〉+ (p
2)3
21332π4
〈q¯qs¯s〉
}
/p
+
(p2)5
2203252π8
ms +
(p2)4
217325π6
〈q¯q〉 − (p
2)4
217325π6
〈s¯s〉
− 5(p
2)3
21832π6
〈q¯gsσ ·Gq〉 − 7(p
2)3
21832π6
〈s¯gsσ ·Gs〉, (19)
where we have included the condensate 〈αs
pi
G2〉 , which is missing in Ref.[16]. For the
correlation functions considered by Matheus et al. and Sugiyama et al. the results are
ρMatheus et al. (p) =
{
c1
(p2)5
21832527π8
+ c1
(p2)3
214325π6
ms〈s¯s〉+ c2 (p
2)3
217325π6
〈αs
π
G2〉
−c1 (p
2)2
21532π6
ms〈s¯gσ ·Gs〉+ c3 (p
2)2
21032π4
〈q¯qq¯q〉
}
/p
+c1
(p2)5
2183252π8
ms − c1 (p
2)4
215325π6
〈s¯s〉+ c1 (p
2)3
21532π6
〈s¯gσ ·Gs〉,
ρ2HIMatheus et al. (p) =
{
c1
(p2)5
22032527π8
+ c1
(p2)3
216325π6
ms〈s¯s〉 − c4 (p
2)3
219325π6
〈αs
π
G2〉
−c1 (p
2)2
21732π6
ms〈s¯gσ ·Gs〉+ c3 (p
2)2
21232π4
〈q¯qq¯q〉
}
/p
+c1
(p2)5
2203252π8
ms − c1 (p
2)4
217325π6
〈s¯s〉+ c1 (p
2)3
21732π6
〈s¯gσ ·Gs〉, (20)
where c1 = 5t
2 + 2t+ 5, c2 = (t− 1)2, c3 = 7t2 − 2t− 5 and c4 = 11t2 + 14t+ 11,
ρSugiyama et al. (p) =
{
(p2)5
21632527π8
+
(p2)3
212325π6
ms〈s¯s〉+ (p
2)3
214325π6
〈αs
π
G2〉
− p
4
21332π6
ms〈s¯gsσ ·Gs〉
}
/p
+
(p2)5
2163252π8
ms − (p
2)4
213325π6
〈s¯s〉+ (p
2)3
21332π6
〈s¯gsσ ·Gs〉,
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ρ2HISugiyama et al. (p) =
{
− (p
2)5
2193252π8
− 7(p
2)3
215325π6
ms〈s¯s〉+ (p
2)3
218325π6
〈αs
π
G2〉
+
7p4
21632π6
ms〈s¯gsσ ·Gs〉
}
/p
− 7(p
2)5
2193252π8
ms +
7(p2)4
216325π6
〈s¯s〉 − 7(p
2)3
21632π6
〈s¯gsσ ·Gs〉. (21)
As can be seen, the 2HR part of the correlation function is large in general at least of the
same order as the 2HI part. In particular, for the interpolating field, Eq.(15), the Wilson
coeffcients of the operators in the 2HR part are −15/7 of the 2HI part up to dimension 6
except for the operator, αs
pi
G2.
Now, taking the interpolating field of Sugiyama et al. [18], Eq.(15), we will demonstrate
how drastically the results of the sum rule can change if we remove the 2HR part from
the total correlation function. First, we explain the results of Ref.[18]. They defined the
positive-parity and negative-parity spectral functions by
ρ±(p0) =
1
4
Tr[(γ0 ± 1)ρ(p0,p = 0)]. (22)
By parametrizing the spectral function by a pole plus continuum contribution as
ρ±(p0) = |λ±|2δ(p0 −m±) + θ(p0 −√sth)ρOPEP (p0), (23)
they derived sum rules,
|λ±|2 exp
(
− m
2
±
M2Borel
)
=
∫ √sth
0
dp0ρ
OPE
± (p0) exp
(
− p
2
0
M2Borel
)
, (24)
|λ±|2m2± exp
(
− m
2
±
M2Borel
)
=
∫ √sth
0
dp0ρ
OPE
± (p0)p
2
0 exp
(
− p
2
0
M2Borel
)
, (25)
where
√
sth is the effective continuum threshold energy and the parameter of the weight
function. MBorel is called the Borel mass. Fig.3 shows the right-hand side of Eq.(24) as
a function of MBorel with the standard values of the quark mass and QCD condensates,
ms = 0.12GeV, 〈s¯s〉 = −0.8 × (0.23GeV)3, 〈αspi G2〉 = (0.33GeV)4, m20 = 0.8GeV2, where
m20 ≡ 〈q¯gsσ · Gq〉/〈q¯q〉 and
√
sth is taken to be 1.8GeV. The solid and dashed lines are for
the positive and negative-parity states, respectively. As can be seen, the right-hand side of
Eq.(24) is positive for the negative-parity state but negative for the positive-parity state.
Since the left-hand side of Eq.(24) must be positive, it was concluded that the obtained
negative parity state is a real one but the pole in the positive parity spectral function is
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spurious. The mass of the Θ+ was also predicted to be ∼ 1.5 GeV from the ratio of Eq.(25)
and Eq.(24).
Though we have not been fully convinced if the procedure of Ref.[18] is legitimate, we
temporarily accept it in order to focus on the effect of removing the 2HR contributions
on the results of sum rules. We replace the total spectral function by the 2HI part but
assume the same form, Eq.(23), for the spectral function under the integral, where ρOPEP
in the continuum contribution is also replaced by the 2HI part. Fig.4 is the same figure
as Fig.3 after replacing the total spectral function by the 2HI part. Now, the right-hand
side of Eq.(24) is positive for the positive-parity state but negative for the negative-parity
state. This result was expected because the Wilson coeffcients of the operators in the 2HR
part are −15/7 of those in the 2HI part up to dimension 6 except for the operator, αs
pi
G2.
Therefore, the sum rule for the 2HI part of the spectral function leads us to the opposite
conclusion that the obtained positive parity state is a real one but the pole in the negative
parity spectral function is spurious. The mass of the Θ+ is obtained to be ∼ 1.4GeV. This
result shows that it is crucial to remove the 2HR part from the total correlation function
in order to correctly extract information on the pentaquark. We, however, would like to
suspend the conclusion that the parity of the pentaquark is positive until we make sure that
all the procedures of deriving sum rules are reasonable. We will report the results of our
reinvestigation in near future [20].
Some final comments are in order here. Logically, there is nothing wrong to use the total
correlation function. In order to derive sum rules, however, if the correlation function has
a large background contribution which has nothing to do with what one wants to extract
information about, pentaquark in the present case, it would be extremely difficult unless
one knows very precise information about the background. It is much better if the back-
ground can be exactly separated, which is what we proposed in the present paper. Also,
we would like to make a brief comment on the Lattice study of the pentaquark. In the
lattice calculation, the mass of the pentaquark is extracted from the long-time behavior of
the total correlation function, which contains large two-hadron-reducible contribution. It is
necessary to remove this two-hadron-reducible contribution in order to obtain information
on the pentaquark baryon[15]. It would be interesting to see the relevance of the present
work in the context of the Lattice study of the pentaquark.
We would like to thank Y. Akaishi, T. Doi, Y. Kanada-E’nyo, M. Oka and K. Yazaki for
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FIG. 3: |λ|2 exp(−M2P /M2Borel) vs. MBorel for the total spectral function with
√
sth = 1.8GeV
FIG. 4: |λ|2 exp(−M2P /M2Borel) vs. MBorel for the 2HI spectral function with
√
sth = 1.8GeV
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